
92 Z H U R N A L  P R I K L A D N O I  M E K H A N I K I  I T E K H N I C H E S K O I  F I Z I K I  
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Liu [1] has discussed the partieulax case of flow into a tubular 
drain in a two-layer stratum of limited thickness, the top of the 
upper layer being an equipoten~ial (bottom of a reservoir). Here we 
consider the particular case where the influx area has a rectangular 
edge (Fig. 1). 
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Fig, 1 

At point (t, b) in the upper layer we place the drain (sink), the 
flow rate being q, To satisfy the boundary condition at the source for 
x =- 0 we place to the left of the axis a symmetrical source of equal 
flow rate. The final solution is obtained by summing the solutions for 
sink and source. 

The complex velocity in the upper layer is 

~ = 2--f~7~ ~ - - - = T  + + 

oo 

+ ,  .~ [A1 (a) e iaz -~ B1 (~) e -i~tz] d~t 
w 

o 

while that in the lower layer is 

oo 

w2 = i [As (o 0 e iez  + Ba (a) e - iaz ] d~-,. 

o 

(2) 

The quantities At(c0, A~(c0, Bi(a), Bz(a) of (1) and (2) axe 
complex functions of the real vaxiable a ,  

The verticaI velocity must be zero at the impermeable boundaries 
of the two layers, 

Im(w~)=O for y =  O, Im (w z)=  0 for y = - - m s ,  

so from (1) and (2) we get 

To be able to use the conditions at the boundary between the 

layers, we represent the main part of the expression for wl as a 

definite integral: 

for I m ( z - - ~ ) < 0  

z - -  ~' -- ~ . e -ia(z-~) da  ~ i e~irt(z-l+ib)da, 

0 o 

fo~ Im(z--~)<O 
~o 

z - -  ~ "~ t i e'4a(z-t'-t~)dr 
4 

The above tranSformations give the expres~ons for the complex 

velocities as 

�9 e o  

wl (z ) I [ i@l ch ~be-4a(z-O @ Ale~ez -}- A.le-iaZ] d~,, (8) 
r~ 

co 

w2 (z) = I [Asei=z + A'~e~lam~-iaz] da. 
0 

(4) 

The normal component of the velocity must be continuous at 
the interface, while the tangential components are proportional 
to the filtration coefficients 

I m ( w z ) =  Im(wx), k l R e ( w s ) =  ks Re(w1) for y = - -  m 1. 

From (3), after satisfying the conditions at the interface, we get 

A~ (~) 

q ' t "b h e2~(rr~-m0 
= ~ " ~ x e h a b  1 -- ~rr "-I- k e~al~'ra0 -- e~rt~" (sin al -b i cos ~l>, (5) 

�9 (sin a / - -  i cos =/) ~ '  = kT-@--~2) " (6) 

In (S) and (6) we make the substitutions 

sin~l q- i e o s ~ / =  ie - -~ t ,  s i n ~ / - -  i e o s ~ / =  -- ie t~l. 
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Fig. 2 

The expression for the complex velocity in the upper region 
becomes 

tq chab  [e ta(l-z) w1(z) = ~-I + 2Nlsh ia(z--  I)1 da, (7) 
0 

1 + ~e 2~(m'-m') 
(8) 

Expression (8) may [1] be put as 
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in which m 0 is the largest common factor of m~ and mr, t In [(x + l)' + (y + 2nmo + b) t] + 

ml 
Pl : ~ , m~ 

nvt integers ), p~= ~ (p~,p~ are 

s = e--l~'~ < t ,  

so series N~(c0 converges. We put 

in (7 ) to  get 

oo 
iq ~r.-4a(z-t*lb) + e-,ia(z-l--ib) ] + 

~ax (~) "=' ,) 2nkt u~  
o 

-~" E en [e-tafl-z-f~nm~-b)t] -~- e-ia[l-z-(2nr~+b)t] - -  

__ e"4a[z-l-(i*m~-tO t] - -  e-ta[ z-l-(~'an~b)t] ]} da = 

i 
q ~ cn 1 4:- (2nmo-- b) i 2nk~ z - -  + 

+ t - - l  +(2r tmo+b)l  + z - l - ( 2 n n t o - b )  i + 

t ] (9) 
+ z - - l - - ( 2 n m o + b ) i  " 

Equation (9) has to be integrated to give the complex potential ,  

_ q 
2~tkx [In ( z  - -  l + i b )  + In (z - -  l - -  i b ) l  - -  

(lO) 

q ~ c  n { l n [ z - l + ( 2 n t a o - b )  i ] + l n [ z - I + ( 2 n m o + b ) i ] +  2~kx 

+ l n [ z - - l - - ( 2 n m ~ b ) i ]  + l r l [ z - - l - - ( 2 n m o + b )  i] + Wo, 

in which Wo is a complex quantity.  

Separating the real  parts, we get the head due to the flow rate 
q in the upper layer at ( l ,  - i b ) ,  

h�9 = Be W~= (s) - -  

q {In [(x - -  l) ~ + (V + b) ~] + In [ ( x - -  1) ~ + ( y - -  b)*]} - -  

q E % {In 1@ - -  l) ~ + (y + 2nrr~ - -  5pl q- 4nkl 

In [ ( z - -  l) ~ + (y + ~ + b)*t + 

+ in [ ( z - -  I)' + (v - -  2nmo + ~)=] + 

In [ ( z - -  lp  + (y - -  2nmo - -  bp]} + C~. (11) 

Similarly we get the head due to the source flow rate - q  placed 
in the upper layer at ( -  l, - i b ) :  

h~ = n e  w ~  ( , )  - 

q 
= - -  ~ {In [(x + l)' + (y -{- b) 2] -}- In [(z + l) = -{- (y - -  b)t]} -{- 

q ~ % {ln [(x + l) 2 + (y + 2~,no-- b)al + 

+ In [(a: + l)t + (y - -  2rim0 + bjSl + 

~- In [(x + g)t + (y - -  2nr,~ - -  b)2l} + Cu. (12) 

Summation of (11) and (12) gives the final solution, 

h = hc ..k h u 

= q fl ( ( x - - l )  t + ( y + b ) q I ( x - l P + ( y - b ) q  
&akt l~n ((~ + l)~ + (y + b)~l [(x + b), + (y__b)21 -- 

- : .  

1 

x . [ ( = - - l ) ' + ( y + 2 n m o - - b ) t l [ ( : c - - l ) ' + ~ y T 2 n m o + b ) q  
m [(a:Wl)2W(yW2nrao__b)Jl[(x. . i . l ) t+(y+2nmo+b)-  ~ • 

[(x - -  l ) '  + (y - -  2nmo -{- b) 2] 1(~ - -  l)O + fY - -  2nmo - -  b) 2] } 
X [(zTl)SW(y__2nmo+b)S][(x+l)~+(y__2nmo__b)S]  + C  (13) 

To satisfy the condition h = H at x = 0 we must put C = H. 
Let the head at the edge of the tubular drain (radius %) be h~. 

Then, putting x = l - r0 and y : - b  in the equation, we have 

q { ro s ( r o ' + 4 b  s) 
ho "=: ~ In ( 2 / - -  ro) s [(2l - -  to)' + 4b ~] - -  

, [rot + 4 (nine - -  b)q 
- ~%,n ~ 1 2 ~ ~  ~ x 

(r0 ~ + 4n~mos) ' [ro ~ + 4 (nmo + bp] 4- H.  
X [(2l - -  to)' + 4nsmo21 ' [ ( 2 / - -  to)' + 4 (nrr~ + b) t] (14) 

From(14) ,  wi thr0  < m a a n d r  0<< l, we get the flow rate q 

per unit length of drain as 

f .  i6l ~( I~+M) 
q = 4~k,  ( n  - -  ho) l m  ~ ~ )  

-]- n--~m02 ) q- ( 1 5 )  
1 

Is -z 
+ l n ( i + ( n m . ~ + b ) : ) }  ' 

The drain lies at the top of the upper layer when b = 0, and then 
the formula for the flow rate is 

[ a N ( z~ ,fl< q ----- nk~ (H - -  ~ )  In -~o x n2rr~2 / j  " 

If the drain lies in the lower layer, the above relationships 
are used, but with the disposition as in Fig. 2, which is the mirror 

image of the previous scheme.  
The following are part icular cases. If ma -+ ~o (infinitely thick 

lower layer), 

~S pl 
N~ ( a )  - -  - -  

t - -  ~,s p '  

co 
= _ (Zs~, + ~%2v, + ~Ss3V, + . . .) = _ ~ X , , , - ~ m ,  

1 
co 

n i612(lZ-4-be) ~ ~ 1  h n [ l n  ~- l~" 
q = 4 ~ k l ( H - - h o  ) {l ro=(ro,~+4b2 ) = ( '  , ( n r n l _ _ b ) = ) +  

lz / la 

~ i + (rim, + b) 2 
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o r  

q ~ a k l  (H- -ho)  rln 2l .q- + z_t ~ L re 
" r  

If Pl = 1 and P2 = 2 (two layers equal  in thickness), c n = - 1  
(n = 2, 4, 6 . . . ) ;  e n = - M n  = 1 ,3 ,  5 . . . ) ;  then the formulas for the 

flow rates m a y  be put as 

k l + k ~  In mo k l - - k ~ ,  / 2 

~, ( , -  ~o~.b/,,,o)]-~ 
+ ~ in - , (19) 

( a t  kx+/~,  ln4mO _21n2) -~ (~o) 

For ks = O, X = 1 we get  f rom (17) and (18) ox (19) and (20) the 

known relat ions fo~ the specif ic  flow ra te  of a tubular drain in a 

homogeneous  pressuxized stratum, 

q = Z r t k ~ ( n - - h o )  ~ + l n ~ + ~ l n  2~xb 

q =  k H r ~ l  

Formula (20) also gives  Shestakov's approx ima te  formula  (see 

Dissertation, Moscow, VNIIG, 1968), which he der ived for the 

case k2/k~ > 6 - 1 0 .  The  fol lowing are the expressions for the first 

ten coeff icients  e n for two cases: 

a) p ~ =  t , ~ =  3; 

c ,  = - -  (2~ - -  2~. a -t- M) 
c~ = - -  ( - -  k + 3k'  + k s - -  3k'  + k s) 
cs = - -  (t - -  4~)-]- 4~ a-j- 3L 4 -  4k b + h e) 
c,=--(3X+~2--gk3+4i~4+6~5-- 

-- 5M + ~Y) 
e s =  --(-- 2L+6k ~ + 6~. s -  16k 't + 

+ 2~,~ -}- t0L8 - -  6k' + P )  
c , =  - -  (t - -  9X~ + 9)~ 8 +  t 8 M - -  

- - 2 4 k  5 - -  3L 6 + t5~Y - -  7~, s q- P )  
c x o = - - ( 4 k + 3 ~ "  a - 2 4 k  s + 7 M + 4 0 k  a -  

- -  31ks - -  t2k7 + 2iX s -- 8L0 + k~~ 

b) p x =  t ,  p z =  4. 

c,~ = - -  ~) 

cs = - -  (2s - -  2L ~ + ~.5) 
c8 = - -  (3L~ - -  3M + ~ )  
c~ = -- (-- • + 5k s -- 5)~5+ ~7) 
c ~ = - - ( i - - 4 ) ~ + 8 X  4 - 5 M + p )  
e s = - -  ( 3 L - -  9~ a +  12~ ~ - 6 L  ~ + %g) 

cio = - -  (7L 2 - -  tTM + 17~, ~ - -  7L a + M~ 
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